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Introduction
Let M be a smooth Riemann surface with boundary dM, and let g be a smooth function; g : dM -> S l with a topological degree d. Let ) is non-empty and that for e > 0 the functional E t achieves its minimum in // 1>2 (M, R 2 ), giving ( 
1.2) E s (u s ,M)= inf E e (u; M) '
[2]
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In this paper, we only discuss a Riemann surface M having the Riemann metric 
W(x)dx
where W(^) is a smooth function in £2 such that W > 0 in £2. The minimizer w £ then satisfies the Euler-Lagrange equation An extension to general domains of the above result has been obtained by Struwe (see [8, 9] ). Theorem [BBH] can be extended to the above Riemann surface (see [6] ).
In this paper we prove the estimate: If W(x) = 1 and M = Q is star-shaped, the estimate (1.4) was first proved by Bethuel, Brezis and Helein using the Pohozaev identity. Estimate (1.4) is one of the fundamental estimates in [3] to prove Theorem [BBH] . Srtuwe in [10] and [8] proved (1.4) for non-star-shaped domain in E. 2 . We modify a method from [10] , but our proof is simpler. Theorem A may allow many of the results in [3] to be extended to the case W{x) & 1 (see [7] ).
Finally, we give a partial answer to a problem of Bethuel, Brezis and Hdlein (see open problem 7 (i) in [3] 
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JdD JBD
We extend v to be constant on rays from 0 on B p (x 0 )\£l. Also let v = e'* :
to see that for sufficiently small y > 0 we have
as desired.
For 0 < e < e 0 and minimizers u s of E e , consider the set (3.4) . Assume that 1/2 < \u\ < 1 w fit ands~3 /4 < R < ce" 1/2 . use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700000598
T/zc« ^/iere exwfs ?j > 0 such that if E(u, B^) < rj, then
[8]
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Next we are going to prove e 0 < 4(/? -r 0 ) 2 . Let p 0 = e Q 1/2 . We suppose 
Po<(R-
2^.
Applying Lemma 2.1 and the estimate (3.9) yields Wdx < C uniformly in 0 < s < e 0 , as desired.
Proof of TheoremB
Let x, {i -1 , . . . , / ) be singularties as stated in Lemma 2.5. By Lemmas 2.3 and 2.5, and Theorem 1.2, we have the following properties: [12]
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where C 6 is a constant depending on d and JQ. Therefore 
